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1. Review in Dynamic Programming

2. 8105 Final Exam: Dynamic Programming

3. Guess and verify with leisure in the utility function

Review in Dynamic Programming

Consider the following single-sector growth problem:

• One good in each period that can be consumed or saved as capital.

• Representative consumer in endowed with one unit of labor every period and k0 units
of capital.

• Utility function:
∞∑
t=0

βtcρt

where β ∈ (0, 1) and ρ ∈ (0, 1)

• Feasibility constraint:
ct + kt+1 − (1− δ)kt ≤ θkαt l

1−α
t

where δ ∈ (0, 1) and θ ∈ (0, 1)

Sequential problem:

max
ct,kt+1

∞∑
t=0

βtcρt

ct + kt+1 − (1− δ)kt ≤ θkαt l
1−α
t

NNC

k0 given

Functional Equation (or Bellman Equation):

v(k) = max
k′∈Γ(k)

{u(θkα + (1− δ)k − k′) + βv(k′)}
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Γ(k) = {k′ ∈ R+ | 0 ≤ k′ ≤ θkα + (1− δ)k}

or

v(k) = max
k′∈K
{u(θkα + (1− δ)k − k′) + βv(k′)}

K = [0, k̄]

k̄ = θkα + (1− δ)k

Explain how to ensure a v(k) exists and solves the (SP). Then explain how to
calculate the AD equilibrium.

1. From PSet 4 we defined the operator T : C(K)→ C(K) where

T (vn)(k) = vn+1(k) = max
k′∈Γ(k)

{u(θkα + (1− δ)k − k′) + βvn(k′)}

and showed if T (vn)(k) satisfies Blackwell’s sufficient conditions, then T (vn)(k) is a
contraction with modulus β. That means

2. We have also observed that vn need not be equal to vn+1 - think about the value
function iteration you did in PSet 3.

3. But because of Theorem 3.2 - Contraction Mapping Theorem we know a fixed point
exists: T (v)(k) = v(k)

If (S, ρ) is a complete metric space and T : S → S is a contraction with modulus β,
then:

a. T has exactly one fixed point v in S

b. for any v0 ∈ S, ρ(T nv0, v) ≤ βnρ(v0, v) for n = 0, 1, 2...

Think about Cauchy Sequence: A sequence in S is a Cauchy sequence if for each ε > 0,
there exists Nε s.t.

ρ(xn, xm) < ε ∀n,m ≥ Nε

4. Then, whatever initial point, v0, we choose we can iterate T (vn) = vn+1 and as n
increases the successive approximations vn+1 will get closer to a function v that satisfies
the SP. The iteration of vn through the contraction operator will converge to a fixed
point v.

5. Through the Envelope and FOC conditions we can obtain a policy function gk(k) = k′.

6. Through the Principle of Optimality we know that the solution for the FE and SP will
coincide if the following hold:
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(a) u and f are continuous and bounded - Cobb-Douglas and K satisfy this assump-
tion.

(b) β ∈ (0, 1)

7. Then we can derive the sequences of {ct, kt+1}∞t=0 that satisfy the SP - we are solving
a social planner’s problem.

8. By the SWT - since u is continuous, s.increasing, concave and f is continuous, in-
creasing, and concave then there exists a price system and a set of transfers such that
{ct, kt+1, pt}∞t=0 constitute an AD equilibrium with this transfers.

9. Since we only have one agent, T1 = 0, and with the FOC of the ADE we can obtain
prices (p0 = 1):

β
pt
pt+1

=
ct
ct+1

ρ−1

Note that here we started with an environment that allowed for the problem to be solved
as a representative consumer problem. Recall the conditions under which a competitive
equilibrium can be expressed representative consumer.

If the environment has a representative consumer representation, then we can solve the
dynamic programming as a social planner and then obtain the representative consumer
allocation and then untangle that allocation to the n consumer with different endowments
allocation.

8105 Final Exam: Dynamic Programming

Consider the following single-sector growth problem:

max
{ct, kt+1}∞t=0

∞∑
t=0

βtu(ct)

s.t. ct + kt+1 ≤ f(kt)

ct, kt+1 ≥ 0

k0 > 0 given

1. Write the functional equation for the single-sector growth problem. Make sure you
provide any assumptions you make on u and f when writing the functional equation.

If we assume u and f are strictly increasing functions, then we can write the following
problem:

v(k) = max
k′∈Γ(k)

{u(f(k)− k′) + βv(k′)}

Γ(k) = {k′ ∈ R+ | 0 ≤ k′ ≤ f(k)}
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2. Provide assumptions on u, f , and β that are sufficient to guarantee that there is
a unique bounded continuous function satisfying the functional equation you wrote.
Explain briefly why each assumption is needed.

(a) Assume f and u satisfy Inada conditions.

(b) Assume f and u are continuos functions.

(c) Assume 0 < β < 1.

Then, since f satisfies Inada conditions we can assume a maximum sustainable
level of capital exists. Adding the continuity assumption, we know that f and
u will be bounded. Adding the restriction on β, we know there exists a unique,
bounded and continuos v that satisfies the problem described above. Theorem
4.6 in SLP.

3. Provide further assumptions on u and f for the solution of the functional equation you
wrote in (a) to be a continuously differentiable function.

(a) Assume f and u are strictly concave functions.

(b) Assume f and u are continuously differentiable.

Then, by (a) we know v will be strictly concave. An adding all assumptions in
questions (b) and (c) we know v will be continuously differentiable. Theorem 4.11
SLP

4. Characterize the optimal policy function through the first-order and envelope condition.

First-order condition:
u′(f(k)− k′) = βv′(k′)

Envelope condition:
v′(k) = u′(f(k)− k′)f ′(k)

5. Define a steady state for this economy. Prove that (1) the steady state exists and (2)
that it is unique. Call the steady state level of capital, k∗. Make sure you state all
assumptions you use for u, f , and β.

A steady state for this economy is s.t. k = k′ = k∗.

Then at the steady state the first-order and envelope are:

u′(f(k∗)− k∗) = βv′(k∗)

v′(k∗) = u′(f(k∗)− k∗)f ′(k∗)

u′(f(k∗)− k∗)f ′(k∗) =
u′(f(k∗)− k∗)

β
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1

β
= f ′(k∗)

(1) Since f(k) satisfies Inada conditions and it is a continuous function then by the

intermediate value theorem we know there exists some k∗ s.t.
1

β
= f ′(k∗).

(2) Since f is strictly concave, then f ′() is strictly decreasing. Then k∗ is unique.

6. Suppose that the policy function g(k) is the solution to the problem in (a) Use the
first-order and envelope condition to show that g(k) is strictly increasing. Make sure
you state all assumptions you use for u, f , and β.

Suppose for a contradiction that there exist some k1 > k2 s.t. g(k1) ≤ g(k2).

Then, since f is strictly increasing,

f(k1)− g(k1) > f(k2)− g(k1) > f(k2)− g(k2)

Given u strictly concave,

u′(f(k1)− g(k1)) < u′(f(k2)− g(k2))

Using first-order condition:

βv′(g(k1)) < βv′(g(k2))

Given v strictly concave,
v′(g(k1)) < v′(g(k2))

g(k1) > g(k2)

Which is a contradiction. Then g(k1) > g(k2).

Guess and verify with leisure in the utility function

Check your notes.
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